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We report an exactab initio calculation of the ground state of the LiH molecule using a simplified
released-node Green’s function quantum Monte Carlo method. The energy determined for an
internuclear separation of 3.015 bohr is28.070 2160.000 05 hartree, a value lower than that of the
lowest-energy variational calculation, more accurate than that of prior quantum Monte Carlo
calculations, and in excellent agreement with the nonrelativistic energy of28.070 21 hartree
determined from experimental measurements. ©1995 American Institute of Physics.
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I. INTRODUCTION

Quantum Monte Carlo~QMC! methods have been found
to be powerful techniques for solving the Schro¨dinger equa-
tion for atomic and molecular systems. These methods
their successes in providing accurate predictions of energ
and structures for molecular systems ranging from sim
molecular ions such as the H3

1 ion1 to pieces of condensed
matter such as N2 crystals

2 have been described in recen
reviews.3–5

Several different schemes, some exact and some
proximate, have been developed to overcome the ‘‘sign pr
lem’’ and allow the accurate treatment of nodal hypers
faces in QMC calculations. These include fixed-no
methods,6,7 released-node methods,8,9 and exact cancellation
methods.10,11

The released-node method is particularly useful in c
culations for molecular systems of 4–15 electrons.8,9,12,13It
has given energies of very high accuracy for molecules s
as LiH and H2O. When used with Green’s function samplin
it is an ‘‘exact’’ method capable, in principle, of giving so
lutions of the Schro¨dinger equation without systematic erro
but with statistical or sampling error. It is a ‘‘transient
method in which the desired fermion wave function develo
as the difference between two populations, each evolv
toward the nodeless boson ground state wave function.
difference disappears in noise as the two populations
proach the same distribution. A maximum of informatio
may be extracted from the transient wave function with u
of Lanczós12 and, particularly, Bayesian13 methods.

We report here an investigation of a simplified release
node Green’s function quantum Monte Carlo method and
application in determining the energy of the LiH molecul
The simplified method allows large step sizes without ste
size error, eliminates conditional sampling, and elimina
the use of a guide function. Importance sampling is incorp
rated by use of variable sample weighting.
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II. THEORETICAL BASIS

The time-independent Schro¨dinger equation for a mo-
lecular system ofN electrons and an arbitrary number of
fixed nuclei is

2
\2

2me
(
i

N

¹ i
2C~R!1V~R!C~R!5EC~R!, ~1!

whereR is the 3N-dimensional coordinate vector ofN elec-
trons and

V~R!5(
i. j

e2

r i j
2(

i ,a

Zae
2

r ia
1 (

a.b

ZaZbe
2

r ab
. ~2!

The equation may be rearranged to obtain

2¹2C~R!1k2C~R!5k2
V~R!

E
C~R!, ~3!

where k2522meE/\
2. By adjusting the potential energy

offset, the energyE can be made negative so thatk is real.
In the case of systems with boundary conditions

C~R!→0 asR→`, the Green’s function corresponding to
the left side of Eq.~3! is known and is given by

G0~R,R8!5~2p!23N/2~kuR2R8u!123N/2

3K3N/221~kuR2R8u!, ~4!

whereKv is the modified Bessel function of the second kind.
Integrating Eq.~3! and using the Green’s functionG0 and
energyE, one has

C~R!5E dR8 G0~R,R8!
V~R8!

E
C~R8!. ~5!

One can solve the integral equation by iteration, starting with
an approximate wave function and generating the sequence

cn11~R!5E dR8 G0~R,R8!
V~R8!

E
cn~R8!. ~6!

Equation~6! is the basis for Green’s function quantum
Monte Carlo calculations. As shown by Kalos14 the iterations
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4492 B. Chen and J. B. Anderson:: Released quantum Monte Carlo calculation
can be carried out in Monte Carlo fashion using wave fun
tion samples or ‘‘walkers’’ with weights multiplied at each
generation byV~R8!/E and random steps to new positionsR
selected with probabilities proportional toG0~R,R8!. Succes-
sive iterations lead to a distribution of walkers correspondin
to the lowest-energy wave function satisfying the Schr¨-
dinger equation subject to any restrictions imposed. Furth
iteration continues the sampling.

The wave function samples may be used to determi
the energy in several different ways, but the most accura
result is usually obtained from importance sampling15 with
the aid of an approximate or trial wave functionc0 having
the same symmetry as the desired wave function. The e
pression for the energy is given in integral form by

E5
*dR C~R!c0~R!Hc0~R!/c0~R!

*dR C~R!c0~R!
~7!

and in terms of summations by

E5
( is iWic0~R!Hc0~R!/c0~R!

( is iWic0~R!
, ~8!

where the summations are for~C based! walkers with
weightsWi and signss i .

III. RELEASED-NODE METHOD

Our simplified released-node method is based on a si
plified sampling method developed earlier16 for Green’s
function QMC calculations of systems without nodes. In
nodeless system the walkers can be maintained positive a
times, but positive and negative walkers are an essential p
of released-node calculations.

For a system containing two or more electrons of th
same spin the nodal hypersurface of the exact ground-st
wave function divides the 3N-dimensional configuration
space of the electrons into two equivalent regions corr
sponding to positive and negative values of the wave fun
tion. Permutation of any two electrons of the same sp
moves a point in one region to an equivalent point in th
other region. The trial wave functionc0 and its nodal surface
have the same characteristics. One can begin a released-n
calculation with positive and negative walkers obtained b
sampling the trial wave function. This produces a startin
distribution with positive walkers in the positive region o
the trial function and negative walkers in the negative regio
of the trial wave function. But since the two regions ar
geometrically similar, one need not use both regions. O
may limit the calculation to the positive region of the tria
wave function if walkers crossing into the negative regio
are returned with an opposite sign to their equivalent poin
in the positive region. A better starting distribution is ob
tained by sampling the wave function generated by a fixe
node calculation with the nodal surface specified as that
the trial function.

Thus a calculation is begun with positive walkers from
fixed-node QMC calculation on the positive side of the nod
surface of the trial function and proceeds through success
iterations. A walker crossing to the negative side is return
to the positive side by permuting any two electrons of th
J. Chem. Phys., Vol. 102,Downloaded¬28¬Jun¬2006¬to¬128.118.88.141.¬Redistribution¬subject
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same spin and changing its sign. The sign of a walker ma
also be changed in the process of multiplication by the ter
V~R8!/E. Of course, there are other procedures which cou
achieve the same overall result without moving walkers bac
to the positive side.

For importance sampling to be most effective the ind
vidual values of the productsWtc0~R! in the summations of
Eq. ~8! must be approximately equal. This may be achieve
by dividing walkers to produce of weights inversely propor
tional to the values of their associated trial wave functions

For an initial distribution of walkers at positionsR8 in
the positive region of the trial function the calculation pro
cedure is as follows:

~1! Multiply weight Wi by uV~R8!/Eu and signs i by sign
@V~R8!/E#.

~2! SampleG0~R,R8! for a new positionR and move walker
from R8 to R.

~3! Evaluatec0~R!. If c0~R!,0, permute two electrons of
the same spin and reverse signs i . If not already positive
the sign ofc0~R! becomes positive.

~4! Multiply weight Wi by c0~R!/cavg to obtain a ‘‘value’’
Yi . The constant termcavg is a long-term weighted av-
erage ofc0 for walkers in a preliminary run used to aid
in choosing valuesYi for splitting such that the number
of walkers at each iteration is maintained approximate
equal to their total weight and their individual values ar
unity. The total weight is allowed to change in the cours
of a run ~see next step!.

~5! Divide walker intom walkers of unit value with the
same sign. Their numberm is given by the integer part
of Yi1u, whereu is a random number in the interval of
@0,1#. Form.0 their weights are given byWi /m.

~6! Calculate the local energy. Add the weight–energy prod
uct and the weight to the appropriate positive or negativ
group sums for computing the final averages for differen
generations.

~7! Go back to step~1!.

The iterations are continued until the difference in popu
lations of positive and negative walkers becomes too small
allow a satisfactory determination of the energy.

IV. CALCULATIONS FOR LiH

The method was applied in the determination of the en
ergy of the ground state of the LiH molecule with fixed nu
clei at an internuclear distance of 3.015 bohr. The trial wav
function used is the functioncIII of Reynoldset al.

17 in the
form

c05detuDkl
a udetuDkl

b uexpF(
i. j

ai j r i j
11bri j

2(
i ,a

Zaaiar ia
11bria G ,

~9!

whereDkl
s 5ck(r l ;s), s is the spin state, andck is the kth

molecular orbital. The constantsai j for like and unlike elec-
tron pairs andaia for electron–nucleus pairs are selected t
give the correct cusp conditions for small separations. Th
molecular orbitals in the determinants are each localize
No. 11, 15 March 1995¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp
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4493B. Chen and J. B. Anderson:: Released quantum Monte Carlo calculation
about a single center and have a flexible form. The standa
deviation from the mean for individual local energies calcu
lated with the trial function is about 1.0 hartree.

The computations were carried out using IBM SP1 an
SP2 machines at the Maui High Performance Computi
Center and the Penn State Center for Academic Compu
tion. The calculation was divided into about 500 independe
runs, each in about 120 blocks of 2000 iterations. The fixe
node population was normalized every 60 iterations and t
number of random walkers was controlled at approximate
750 by random duplication or elimination. The data from th
first three iterations after each normalization were discard
in order to avoid any bias due to the fixed-node populatio
normalization. The released-node population was not n
malized and thus was free from normalization bias. Th
released-node calculations were carried out for 30 iteratio
after node release and then terminated. The results from
independent runs were combined to average energies
each generation group. The statistical error in these avera
energies was estimated from the variance in the energies
the independent runs.

V. RESULTS AND DISCUSSION

The variation in the average energies with generation
shown in Fig. 1 and the differences in average energies
successive generations are shown in Fig. 2. Convergence
constant value of the energy may be seen to occur in 24–
generations. This is also indicated in Fig. 2 by a slope of ze
in 24–27 generations. The computed average energy at
27th generation is28.070 2260.000 05 hartree. To be sure
of the convergence we later ran a smaller set of independ
calculations to the 30th generation and obtained a converg
energy of28.070 2060.000 12 hartree. The combined resu
for the energy, taken as the weighted average for the l
generation in each set, is28.070 2160.000 05 hartree.

A comparison with the results of prior calculations i
given in Table I. Included are the energies from sever
fixed-node QMC calculations, released-node QMC calcul
tions, and analytic variational calculations. The most acc
rate previous QMC result is that from a released-node calc
lation, with a Bayesian analysis to reduce statistical error,
Caffarel and Ceperley,13 giving 28.070060.0002 hartree.

FIG. 1. Variation of calculated energy with released-node generation.
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The lowest-energy analytic variational calculation to date i
that by Cencek and Rychlewski22 giving 28.069 221 hartree.
Our current result is more accurate than the earlier QMC
result and is in agreement with that result within the com
bined uncertainties. Our current result is lower in energy tha
the lowest-energy analytic variational result.

The gain in accuracy relative to that of earlier Monte
Carlo calculations of the energy for LiH is the result of~a! a
simpler faster algorithm and~b! a greater computational ef-
fort. The importance sampling trial function used is essen
tially the same as that used in earlier calculations. We es
mate that the simpler algorithm reduces the computation

FIG. 2. Change in calculated energy for succeeding released-node gene
tions.

TABLE I. List of ground state energies of LiH obtained from QMC calcu-
lations, analytic variational calculations, and experimental measuremen
The energies are nonrelativistic, clamped-nucleus values for an internucle
distance ofR53.015bohr. Additional values are given in Refs. 4 and 18.

Authors ~date! notes Energy~hartree!

Ceperley and Aldera ~1984!
fixed-node GFQMC 28.067 60.001
released-node GFQMC 28.071 60.001

Harrison and Handy~1985!b

fixed-node DQMC 28.069 7 60.000 3
Barnett, Reynolds, and Lester~1987!c

fixed-node DQMC 28.070 0 60.000 4
Caffarel, Gaeda, and Ceperley~1991!d

fixed-node DQMC 28.069 1 60.000 6
released-node DQMC 28.070 60.001

Caffarel and Ceperley~1992!e

fixed-node DQMC 28.068 0 60.000 6
released-node DQMC 28.070 0 60.000 2

Subramaniam, Lee, Schmidt,
and Moskowitz~1992!f

fixed-node GFQMC 28.069 9 60.001 0
Chen and Anderson~This work! ~1994!
released-node GFQMC 28.070 21 60.000 05

Cencek and Rychlewski~1993!g

lowest-energy analytic variational 28.069 221
Experimental value~from Table II! 28.070 21

aReference 9.
bReference 19.
cReference 20.
dReference 12.

eReference 13.
fReference 21.
gReference 22.
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effort for walker moves by about 50% relative to the earlie
calculations of Ceperley and Alder.9 This represents a signifi-
cant improvement, but the major contributor to the highe
precision is a greater total number of walker moves mad
possible by faster computers.

The clamped-nucleus energy of LiH may be determine
from a combination of experimental measurements wit
‘‘corrections’’ to eliminate various real effects not accounted
for by the Schro¨dinger equation. A calculation of the experi-
mental clamped-nucleus, nonrelativistic energy for LiH at
separation of 3.015 bohr is shown in Table II. The lowes
energy variational calculation23 for the Li atom gives an en-
ergy of27.478 059 hartree for infinite-mass, nonrelativistic
Li and the corresponding experimental value24 is
27.478 073 hartree, so that27.478 07 hartree is a reason-
able choice. The finite-mass energy of LiH is derived from
the finite-mass energies of Li and H and the experiment
dissociation energy of LiH.25 This is converted to the
clamped-nucleus energy for LiH. Taking into account the ne
relativistic correction for the dissociation energy of
0.000 012 hartree as determined by Wallmeier,26 we obtain a
clamped-nucleus, nonrelativistic experimental energy o
28.070 21 hartree. The uncertainty is estimated to be le
than 0.000 10 hartree. Our calculated energy is in excelle
agreement with this value.

Although we find the released-node Green’s functio
QMC calculation described here to be computationally ver
efficient, we note that incorporating the Lanczo´s or Bayesian
approaches in treating the results is quite likely to improv
its efficiency.

TABLE II. Calculation of experimental clamped-nucleus, nonrelativistic en
ergy of LiH at 3.015 bohr~energies in hartree!.

Energy of Li atom with infinite-mass nucleusa 27.478 07
Energy of H atom with infinite-mass nucleus 20.500 00
Energy of Li atom with finite-mass nucleus 27.477 49
Energy of H atom with finite-mass nucleus 20.499 73
Experimental dissociation energyDc

b 10.092 43
Total energy of LiH with finite-mass nuclei 28.069 65
Total energy of LiH with infinite-mass nuclei 28.070 20
Relativistic correction forDe

c 10.000 01
Calculated experimental energy for LiH 28.070 21

aReference 24.
bReference 25.
cReference 26.
J. Chem. Phys., Vol. 102,Downloaded¬28¬Jun¬2006¬to¬128.118.88.141.¬Redistribution¬subject
r

r
e

d
h

a
t-

al

t

f
ss
nt

n
y

e

ACKNOWLEDGMENTS

The authors are indebted to the Maui High Performanc
Computer Center and to the Penn State Center for Academ
Computation for grants of computer time. The advice and
assistance of Drake L. Diedrich is gratefully acknowledged
J.B.A. is indebted to the Humboldt Foundation for an award
facilitating this work. The research was supported by the
National Science Foundation~Grant No. CHE-8714613! and
by the Office of Naval Research~Grant No. N00014-92-J-
1340!.

1J. B. Anderson, J. Chem. Phys.96, 3702~1992!.
2L. Mitas and R. M. Martin, Phys. Rev. Lett.72, 2438~1994!.
3B. L. Hammond, P. J. Reynolds, and W. A. Lester, Jr., inMonte Carlo
Methods in Ab Initio Quantum Chemistry~World Scientific, Singapore,
1995!.

4J. B. Anderson,International Reviews in Physical Chemistry~in press!.
5J. B. Anderson, inUnderstanding Chemical Reactivity, edited by S. R.
Langhoff ~Kluwer Academic, Dordrecht, in press, 1994!.

6J. B. Anderson, J. Chem. Phys.63, 1499~1975!; 65, 4121~1976!.
7J. B. Anderson, Int. J. Quantum Chem.15, 109 ~1979!.
8D. M. Ceperley, J. Comput. Phys.51, 404 ~1983!.
9D. M. Ceperley and B. J. Alder, J. Chem. Phys.81, 5833~1984!.
10D. M. Arnow, M. H. Kalos, M. A. Lee, and K. E. Schmidt, J. Chem. Phys.
77, 5562~1982!.

11J. B. Anderson, C. A. Traynor, and B. M. Boghosian, J. Chem. Phys.95,
7418 ~1991!.

12M. Caffarel, F. X. Gaeda, and D. M. Ceperley, Europhys. Lett.16, 249
~1991!.

13M. Caffarel and D. M. Ceperley, J. Chem. Phys.97, 8415~1992!.
14M. H. Kalos, Phys. Rev.128, 1791~1962!.
15R. C. Grimm and R. G. Storer, J. Comput. Phys.7, 134 ~1971!.
16J. B. Anderson, J. Chem. Phys.86, 2839~1987!.
17P. J. Reynolds, D. M. Ceperley, B. J. Alder, and W. A. Lester, Jr., J. Chem
Phys.77, 5593~1982!.

18W. C. Stwalley and W. T. Zemke, J. Phys. Chem. Ref. Data22, 87 ~1993!.
19R. J. Harrison and N. C. Handy, Chem. Phys. Lett.113, 257 ~1985!.
20R. N. Barnett, P. J. Reynolds, and W. A. Lester, Jr., J. Phys. Chem.91,
2005 ~1987!.

21R. P. Subramaniam, M. A. Lee, K. E. Schmidt, and J. W. Moskowitz, J.
Chem. Phys.97, 2600~1992!.

22W. Cencek and J. Rychlewski, J. Chem. Phys.98, 1252~1993!.
23F. W. King, Phys. Rev. A40, 1735~1989!.
24C. F. Bunge, Phys. Rev. A16, 2496~1977!.
25K. P. Huber and G. Herzberg,Constants of Diatomic Molecules~Van
Nostrand, New York, 1979!.

26H. Wallmeier, Phys. Rev. A29, 2993~1984!; see also H. Bueckert, S. M.
Rothstein, and J. Vrbik, Chem. Phys. Lett.190, 413 ~1992!.

-

No. 11, 15 March 1995¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp


