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Quantum Monte Carlo: Direct calculation of corrections to trial wave
functions and their energies
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We report an improved Monte Carlo method for calculating the differehloetween a true wave
function ¥ and an analytic trial wave functiow,. The method also produces a correction to the
expectation value of the energy for the trial function. The nodes of the trial function are not
corrected and the energy is corrected to the fixed-node energy of the trial function. Applications to
several sample problems as well as to the water molecule are described00@® American
Institute of Physicg.S0021-960600)30921-7

I. INTRODUCTION wheref =¥V, the product of the true wave function and

. . the trial wave function, ané, is a reference energy.
We have previously described a quantum Monte Carlo Making use of the differencé=¥ — W, and defining

(QMC) method for the direct calculation of corrections to o - .
trial wave functions:”® We report here an improved method another functiorg= 5= (¥ —Wo) ¥, we obtairt
which is much simpler to use. Like its predecessors the im- dg 1 _, HY,

proved method givesfor fixed nodeg the differences be- 2. =57V 97 V-(gVIn¥o)— (qf_o_ Eref)g
tween a true wave functiol and a trial wave functiof,

but it gives in addition the difference between the true en- +[—(—O—E )\Ifz
ergy E and the expectation value of the eneffgy, for the v, ref| =0

trial wave function. . .
The termHW /¥ is the local energ¥,, for the trial wave

The statistical or sampling errors associated with the : . . o
Monte Carlo procedures as well as any systematic errors o unction. The last term in E(3) is a distributed source term

cur only in the corrections. Thus very accurate wave func- which may be pos@ve or negative. [t is convenient to
tions and energies may be corrected with very simple calcu'-n.tmduce. the expegtatlon value of.the eneigy, for the
lations. trial function and writeS as a collection of terms

For systems with nod(_es, the nodes are unchanged. The S=[—(E .~ Evar)‘PS]p+[—(E|oc— Eva)¥3]n
wave functions and energies for these systems are corrected
to the fixed-node values—those corresponding to the exact +[—(Evar— Ered ¥§] 4
solutions for the fixed nodes of the trial wave functions. r

The method has the very desirable features of: gooé)
wave function in/better wave function out ... good energy =~ S=S,+S,+S;, (5)

in/better energy out.

. ©)]

where

Il. THEORETICAL BASIS So=[~ (oo Eva) V5,
The diffusion quantum Monte Carlo method is based on ~ Sn =~ (Eioc™ Eva)¥5ln.
the simulation of the time-independent Satirger equation Sy=[ — (Eyar— Ere) W2]
in imaginary timé&® according to a var el T ob
U 52 and where the subscriptindicates a region dg,.<E,,, and
i ﬁVZ\Ir_V\y_ (1)  apositive particle feed, the subscripindicates a region of

o7 E o> Evar @nd a negative particle feed, and the subsayipt
With incorporation of importance sampliiased on a trial  indicates an additional particle feed, normally negative.
function ¥, the above equation becomés atomic units In the procedure used previously, E§) was simulated
with m equal to the mass of the electjon by g-particles fed continuously to the system according to

the source terms; allowed to diffuse, drift, and multiply or
af 1 HWY ; i D . :
=LV -V.(fVINWy) — | == E,u| f (2)  disappear; and to cancel each other, positive with negative,
it 2 v © regardless of position if beyond a specified age or elapsed
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time since being fed. After an initial period to allow the TABLE I. Results for harmonic oscillatdr”
system to approach steady state, the calculation was contin-

. ) . =exp(—hx =exp(-ax
ued and the correction tergpnwas determined by sampling ¥o=expebx) v=explCax)
the particle distribution. The energy was determined as equal=0.47 a=0.50
to the reference energy required to maintain a fixed nefva=0-500957 Eine=0.500 000

Ip/1q=—1,/1,=0.014 983 p=1.012457

weight of particles. £ —0.948 961
For the new procedure we consider the integrals of each f::0:999 516

of terms in Eq.(3) over all accessible space. Thus we defineg_, =E, .+ E.

0.500 957-0.000 957

~0.500 000
'g‘f gadyv, 'p‘f SpdV, 'n‘f Shav, Eyue=0.500 000
(6)  p=0.5001 a=0.5000
lo= f w24y, E,.,=0.500 000 009 998 Eyue= 0.500 000 000 000
I /lq=—1,/14=0.000 048 389 f,=1.000 165 544

f,=0.999 958 932
and Eq.(3) becomes f,=0.999 999 994

Ecac= Evart Ecorr

al 1 =
— f EVZg dv— f V. (gV In \PO)dV =0.500 000 009 9980.000 000 009 998

g
aT =0.500 000 000 000
Eyue=0.500 000 000 000

- f (Bioc— Ere)g dV+1 pt I'h—(Evar—Eren! q- #0ne-dimensional by numeric integration. Not Monte Carlo.
PAtomic units for all quantities with units.
(7)

Since the diffusion and drift terms merely move particles

within the volume and the drift term preventS their CrOSSing ds eliminated. Since an accurate Va|uem'£r is required, an
nodal surface, they make no contribution to changekjin  analytic integration to determirié, ,, is preferred.

and they are zero and may be eliminated. The multiplication  Tpe values off,, f,, andf, are determined for sample
term containing Ejo.— Erey) is applicable to each particle fed feeq particles obtained in the Metropolis integrations. These
to the system. An average growth facfgr, f,, f, foreach  are selected with probabilities proportion@h addition to
type of particle during its lifetime in the system may be ¥2) to the absolute values of—(Ec— Eva)lp for p,

combined with the feed terms. Thus we obtain [~ (Ejoc— Eva ] for n, and unity forg. The particles are
a1 subjected to diffusion, drift, and multiplicatiofweight in-
9 o fo—(E.— f decreaséor a period(age sufficiently long to
or ofptInfn=(Eva— Eredl4fq- (8) crease or decre p g y long

produce no further change in their average weights. Positive

Since particles fed at any point in the system tend to thdarticles of typep, fed in regions off,,<Ey4, give values
same distribution with increased time in the system, those o®f f,>1. Negative particles of typa, fed in regions of
sufficient age may be cancelled in equal weights, positiveE,,c>E, 4, give values of ,<1. Particles of type normally
with negative, regardless of their locations. For a steady statgive a valuef, very close to unity.
and for a complete cancellation of positive and negative par- The advantages of the new procedure may be seen with
ticles at a fixed age we havdy/d7=0, and the energigis  reference to Eq(10). The energyE is given by the known
equal toE, which is given by(after rearrangement value of E,,, and a correction term. WheW, is a good
approximation to the true wave function, the correction term

E=E=E IpfptInfn (9) is small and any error in the correction term is correspond-
rer v lofq ingly small. AsW, approaches the true wave function the
or
|p_ Ih— TABLE II. Results for hydrogen atof?
|_ fp+ |_ fn
E=E o= Eya— % (10) Yo=exp(~br) =exp(-ar)
d b=0.90 a=1.00
To determine the energy one then needs to obtain only th&,,=—0.495 000 Eyue= —0.500 000
ratios of the integrals, /I, and|,/l, rather than the indi- !p/lq==1n/14=0.0243604 (5) fp=1.1220(2)
vidual values. Also needed are the valued pf f,, andf, I”jg'ggg(z)
qa=0. (0)
as well aSE\Iar' Ecaic™ Evart Ecorr

The ratios of the integrals may be determined by numeri-
cal integration, typically by Metropolis sampling mg with
accumulation of average values bf/l, and1,/I,. Their Eurue
definition in terms off,,; ensures that the absolute values ofaxiamic units for all quantities with units.
these ratios be equal and uncertainty in their relative value%tandard deviatiol sigma in last digit indicated in parentheses.

—0.495 006-0.005 027(6)
—0.500 003(6)
—0.500 000
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TABLE IIl. Results for helium atond:

y=Morgan
o= 189-term Hyllerads expressiof
Eya= —2.903 724 376 180 Eywe= —2.903724 277 034
Ip/1qg=—1,/14=0.000 085 33 (3) f,=1.000 005 36 (12)

f,=0.999 995 32 (19)
fq=1.000 000 00 (0)
Ecalc™ Evart Ecorr
=—2.903 724 376 180
—0.000 000 000 85619)
—2.903 724 377 03619
—2.903 724377034

Etrue

@Atomic units for all quantities with units.

bStandard deviatiofil sigma in last digit indicated in parentheses.
‘Reference 9.

dReference 10.

ratios |, /14 and1,/1 approach zero and the valuesfof,  portional to[ — (Ejpc— Eva) ¥'§lp . [~ (Eoc— Eva) ¥3]n, and

fn, andf, approach unity. [\PS], respectively, with appropriate consideration of signs.
Groups of starting particles of each type were subjected

to diffusion, drift, and growth using the normal procedures

for importance samplin§ To improve the accuracies for the
The ground state of the harmonic oscillator in one di-high drift velocities and rapid weight changes in the initial

mension provides a simple example. We use atomic unitsteps, the time step was begunfat=0.000 001(a.u) and

throughout and defingé=1, m=1, andV=3kx? with k=1.  gradually increased to 0.00Q&.u). The time span required

The exact solutions ar# =exp(—ax) with a=1/2 andE  to approach a constant valuefofor f, was about 0.1a.u).

=1/2. The trial wave function i¥ ,=exp(—bx°) and its ex- In this case the reference energy could be set to the

pectation value i€, .= 3(b+k/4b) with b variable. known value of the energig= — 0.5, but testing showed the
This example may be treated by Monte Carlo methods oresulting energy correctio,,, to be insensitive to small

by direct numerical_integration on a grid. For this one-errors inE,. SinceE,, depends on the difference between

dimensional problenf,, f,, andf, are most easily and f  andf, as indicated in Eq(10) and since they are affected

accurately obtained with numerical integration, and we usedimilarly by errors inE,, the effects orE,,,, tend to cancel

a simple difference scherhéor solving the diffusion equa- each other.

tion for initial populations corresponding to the three feed  The results for the hydrogen atom are listed in Table I.

terms. The grid was uniformly spaced with a step skze

=0.005 and a time sted7=0.00001. The integral ratios

1,/14 and1,/1, were obtained by numerical integration on V- EXAMPLE: HELIUM ATOM

the same grid. _ _ _ For the ground state of the helium atom we used as a
The results for two different cases, one with a poor trialyia| wave function the 189-term Hylleraas function de-

function and the other with a good trial function are listed in g ipeq by Schwafzwhich is accurate to about 10 digits.

Table I. In each case the known correctidg,, to the energy  the trye energy is known to at least 13 digits from the ana-
is obtained with an error of less than one part in 1000. | tic yariational calculation of Freund, Huxtable, and
The Monte Carlo procedure gave similar results W'thMorganw with a more complex trial function.

statistical error bars straddling the known corrections.

I1l. EXAMPLE: HARMONIC OSCILLATOR

IV. EXAMPLE: HYDROGEN ATOM TABLE IV. Results for water molecul&?

The ground state of the hydrogen atom provides another  ¥o=simple SCF, no Jastrows
simple example. In this case we used only .the new g __ 75560 Eue= — 76.438 (3§
Monte Carlo procedure. The trial wave function was Ip/lg=—1,/14=1.513(2) f,=0.724(5)
¥ ,=exp(—br) with b=0.90 (inverse a.y.for which the ex- f,=1.084 (5)
pectation value is known from analytic integration. fq=0.909 (7)

Ecac= Evart Ecorr

The integral ratiosl,/1, and I,/l, were obtained by —75.560-0.599(10)

Metropolis integration based on sampling with weigh@.

o2 . X —76.16(1)
The uncertainties in these ratios were estimated from the g, =—76.17 (1)(fixed-node resujt
variance in values for repeated independent runs. These sameE.= —76.438 (3)

integrations were used to generate the source terms, i'“*'wtomic units for all quantities with units

poin'Fs(particI_es Sa_mp|Ed from frons,, Sﬁ , ands,. _These bStandard deviatiofil sigma in last digit indicated in parentheses.
starting configurations were chosen with probabilities pro-<From experiment. Nonrelativistic. Reference 13.
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The procedure used was essentially the same as that de- Earlier fixed-node QMC calculations for systems of ten
scribed for the hydrogen atom above. Results obtained witlor more electrons have used single-determinant trial wave-

the new Monte Carlo procedure are listed in Table IlI. functions with Jastrow terms. With the improved correction
procedure the need for accurate expectation values for the
VI. EXAMPLE: WATER MOLECULE trial function requires eliminating the Jastrow terms, but it

ay make practical the use of many more determinants in
the trial function. This is likely to give improved node loca-
tions and lead to much lower node location errors. The sign
problem of quantum Monte Carlo for large systems would
not be eliminated but it might be significantly reduced.

The water molecule presents the problem of nodes in th
wave function as well as a much higher dimensionality. In
this case the nodes are fixed in position by the use of fixe
node QMC procedurés!?and the resulting energy obtained
is the fixed-node energy for the nodes of the trial wave func
tion. As in any fixed-node calculation the energy obtained iSACKNOWLEDGMENT
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