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We report direct Monte Carlo simulations of a chemical reaction system with bimolecular and
termolecular dissociation and recombination reactions of the typeM1AB
M1A1B. The
simulations are carried out at the molecular level using a simple flexible reaction model for
termolecular reactions satisfying all the requirements of momentum and energy conservation,
microscopic reversibility, and equilibrium. Energy transfer among reactants and products is
included. The method is especially useful for treating reaction systems with nonequilibrium
distributions and coupled gas dynamic-reaction effects. For systems with thermally equilibrated
reactants the observed behavior is identical to that predicted by conventional methods. ©1995
American Institute of Physics.
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I. INTRODUCTION

In earlier studies1–5 we have found the direct Monte
Carlo simulation method6–8 to be well suited for treating
chemical reaction systems with nonequilibrium distribution
coupled gas dynamic-reaction effects, and many other effe
difficult or impossible to treat in any other way. The system
examined thus far include simple bimolecular reactions,
ternal energy transfers and relaxation, a Lindeman
Christiansen unimolecular reaction, and an energy-depen
unimolecular reaction. Each of these prior studies was c
ried out with bimolecular collisions. The inclusion of termo
lecular collisions requires a somewhat different approa
and one method for including them has already be
proposed.9,10

We report here the development and testing of a n
method for treating termolecular reactions in the dire
Monte Carlo simulation of dissociation-recombination rea
tions of the typeM1AB
M1A1B. These reactions are
important in systems such as flames and explosions, sh
waves and detonations, laser media, and the up
atmosphere—systems far from equilibrium for which dire
simulations are most useful.

We have given a complete description of the dire
Monte Carlo simulation technique in earlier work.1–3 The
usual differential equations of gas dynamics and chemi
kinetics are eliminated and a real system is simulated by
motions and collisions of many fewer molecules in a sca
system having dynamic similarity with the real system. T
method is exact in the limit of small time steps and small c
sizes. The combination of an efficient sampling techniq
introduced by Bird6 with high speed computers has mad
possible the simulation of a number of gas dynamic a
chemical reaction systems previously impossible to analy

II. THEORETICAL BASIS

We consider the general dissociation-recombination
action of the typeM1AB
M1A1B with the specific re-
actions of bimolecular dissociation

M1AB→M1A1B ~1!
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and of termolecular recombination

M1A1B→M1AB. ~2!

Reactions~1! and~2! are overall reactions which may occur
as elementary steps exactly as written or may occur in a
sequence of elementary steps, but they must be sufficiently
fast to be completed in the time available before further en-
counters.

In addition we include the exchange of energy among
the speciesA, B, AB, andM in bimolecular collisions ac-
cording to the reactions

I1J→I1J, ~3!

whereI5A,B,AB,M andJ5A,B,AB,M .
Although complex molecular interactions might be

readily utilized we treat the atomsA, B, andM as well as the
moleculeAB as hard elastic spheres in their nonreactive col-
lisions with other. Each has a single state. The moleculeAB
is dissociated only in collisions with the atomM and the
required dissociation energyEdiss is provided by translational
energy. The reverse reaction of recombination ofA andB
occurs only with atomM as the third body.

Nonreactive bimolecular collisions are treated as in our
earlier calculations. The cross section for collisions isSI ,J
and collision partners are selected with a probability propor-
tional to the product of their collision cross section and rela-
tive velocity. In collisions their center-of-mass velocity is
conserved and, as appropriate for hard spheres, the relativ
velocity is conserved in magnitude but randomized in direc-
tion. For thermal equilibrium the rate of bimolecular colli-
sions is given by

RC5S 8kT

pm I ,J
D 1/2SI ,JnInJ , ~4!

wheremI ,J is the reduced mass for theI –J pair andnI andnJ
are the number densities of speciesI andJ.

Potentially reactive bimolecular collisions are selected as
part of same procedure used to select nonreactive bimolecu
lar collisions. Reaction~1! is treated with a line-of-centers
model in which reaction occurs with probabilityP1 for col-
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lisions with a kinetic energy along the line-of-centers grea
than an energyE* . The reaction cross section, which migh
be obtained in other ways, is given by

S150, Erel,E* , ~5!

S15P1SM ,AB~12E* /Erel!, Erel>E* , ~6!

whereErel is the relative initial kinetic energy forM andAB.
Under conditions of thermal equilibrium the rate constant f
reaction~1! is given by

R15S 8kT

pmM ,AB
D 1/2P1SM ,ABe

2~E* /kT!nMnAB . ~7!

The termolecular recombination reaction, reaction~2!, is
treated in terms of a bimolecular collision of atomM with
the center of mass of a pair of freeA andB atoms, identified
asA–B. Reaction occurs with probabilityP2 for all colli-
sions ofM with A–B in which the distance betweenA andB
is less than a critical distancer R . The probability of finding
A–B with a distancer A–B less thanr R is given ~approxi-
mately! by the ratio of the volume43pr R

3 to the volumeVc of
the cell containingA andB. SinceA andB will normally
have an attractive interaction the probability of findingA–B
within a distancer R will normally be greater than that ratio
but one can simply adjustr R to compensate. In effect,r R is a
free variable for fixing the reaction probability. The cros
section for the reaction ofM with A–B pairs is given by

S250, r AB>r R , ~8!

S25P2SM ,A–B , r AB,r R . ~9!

Under conditions of thermal equilibrium the rate of reactio
~2! is given by

R25S 8kT

pmM ,AB
D 1/2P2SM ,A–B

4

3
pr R

3

Vc
nMnA–B ~10!

or

R25S 8kT

pmM ,AB
D 1/2P2SM ,A–B

4

3
pr R

3nMnAnB . ~11!

The rate constants and the equilibrium constant for re
tions ~1! and ~2! are given by

k15S 8kT

pmM ,AB
D 1/2P1SM ,ABe

2~E* /kT!, ~12!

k25S 8kT

pmM ,AB
D 1/2P2SM ,A–B

4

3
pr R

3, ~13!

and

Keq5
P1SM ,ABe

2~E* /kT!

P2SM ,A–B
4
3pr R

3
. ~14!

The distribution of relative velocities forA andB which
participate in reaction~2! is an unbiased distribution identi
cal to that forA–B pairs in the reaction cell. The distribution
of relative velocities forM andA–B participating in reac-
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tion ~2! is biased by the relative velocityvM ,A–B . For a ther-
mal distribution of reactants the resulting distributions for
molecules which react are

P~EA,B ,EM ,A–B!

;e2~EA,B1EM ,A–B! /kTvA,B
2 vM ,A–B

3 dvA,BdvM ,A–B ~15!

;e2~EA,B1EM ,A–B! /kTEA,B
1/2EM ,A–BdEA,BdEM ,A–B , ~16!

wherevA,B andvM ,A–B are relative velocities andEA,B and
EM ,A–B are the corresponding kinetic energies. The two rela-
tive kinetic energies may be expressed as their sum,
Et5EA,B1EM ,A–B , and the fractionf in EA,B . In terms of
the sum and the angleu, defined byf5cos2 u, the distribu-
tion becomes

P~EA,B ,EM ,A–B!;e2~Et /kT!Et
5/2 cos3 u sin2 udEtdu.

~17!

In reaction ~1! the energy available for distribution
among the reaction products consists of the center-of-mass
energy, which is fixed, and the relative initial kinetic energy
for M1AB less the dissociation energy, which is available to
A, B, andM as kinetic energy relative to their center of
mass. Equation~17! governs the distribution and it may be
used as the basis for selecting these energies.

For reaction~2! the energy available to the reaction
productsM andAB is their center-of-mass energy, which is
fixed, and the sum of the relative initial kinetic energies ofA,
B, andM and the dissociation energy, which becomes the
kinetic energy of separation of the productsM andAB.

The variations in cross sections for these reactions with
reactant velocities and the distributions of reaction products
are self-consistent. Momentum and energy are conserved and
the reactions are microscopically reversible.

III. CALCULATION PROCEDURES

The calculation procedures described for previous work
require only a few modifications. A termolecular collision
clock is required in addition to the bimolecular collision and
translational motion clocks used earlier. The translational
time is advanced one step and each molecule is moved ac-
cording to its velocity. Bimolecular collisions are then se-
lected and the bimolecular clock is advanced for each colli-
sion until the bimolecular collision time passes the
translation time. Termolecular collisions are then selected
and the termolecular clock is advanced for each until the
termolecular collision time passes the translation time. The
process is repeated to continue the simulation.

The time advanceDtB for bimolecular collisions~reac-
tive or nonreactive! is calculated as in previous work accord-
ing to

DtB5
2Vc

SI ,J

1

v I ,J

1

N2 , ~18!

whereVc is the cell volume andN is the number of mol-
ecules in the cell.

The time advanceDtT for termolecular collisions~reac-
tive! is calculated in a similar manner using a rearrangement
of Eq. ~11!,
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DtT5
Vc

P2SM ,A–B

1

vM ,A–B

1

NM

1

NA–B

Vc

4

3
pr R

3

~19!

or

5
Vc
2

P2SM ,A–B

1

vM ,A–B

1

NM

1

NA

1

NB

1

4

3
pr R

3

. ~20!

The magnitudes of the relative velocitiesvM ,AB for the
products of reaction~2! andv I ,J for the products of reaction
~3! are fixed by the energy available. The directions of th
relative velocities are taken as random.

The selections of the relative kinetic energies forM rela-
tive toA–B andA relative toB for the products of reaction
~1! are made according to Eq.~17!. The sum of the energie
Et is distributed asEA,B5 fEt and EM ,A–B5(12 f )Et ,
where f5cos2 u. The angleu is selected at random in th
interval ~0,p/2! and retained with a probability proportiona
to cos3 u sin2 u.

Our test calculations were carried out as simulations
homogeneous isotropic reactions using a single cell. The
culations were normally begun with the initial mixture
gases at thermal equilibrium. In the course of reaction n
equilibrium distributions of reactants and products may
cur and the temperature~or its equivalent! of the system may
change. In some cases it was useful to use an excess of
gas and to scale the species velocities periodically in orde
produce near-equilibrium distributions and fixed tempe
tures. This allowed direct comparisons with analytic so
tions for isothermal systems with equilibrium distributions

IV. TEST CALCULATIONS

We made a number of test calculations in order to
plore the method. Some of the results are given here.

TABLE I. Reaction conditions.

Reactions:M1AB→M1A1B ~1!
M1A1B→M1AB ~2!

Molecular types: All hard spheres, single states
Dissociation energy ofAB: 20 kcal/mol
Masses:mA550,mB550,mM550 g/mol
Reaction:M1AB, dissociation with probabilityP150.1

if line-of-centersE.20 kcal/mol
M1A1B, see text, probabilityP250.1

4
3pr R

351/4000
Boundaries: Constant volume, isolation, except that constant

temperature maintained by periodic adjustment of
translational energies

Volume:V51.0 cm3

Bimolecular collision cross sections~simulation!: 1.0 cm3

Number of molecules~simulation!:
~initial M1AB! 8000M , 4000AB
~initial M1A1B! 8000M , 4000A, 4000B

Temperature: varied, 1500–3000 K
Rate constants~2000 K!:

k152.82 ~molecule/cm3!21 s21

k2573.5 ~molecule/cm3!22 s21
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The approaches to equilibrium from an excess ofAB
and from an excess ofA1B were investigated under condi-
tions listed in Table I. For these conditions there was suf
cient inert gas and the reaction probability was sufficient
low that near-equilibrium velocity distributions were ob
served and the temperature was maintained nearly const

The variations of concentration with time for speciesAB
starting from a mixture ofM andAB and starting from a
mixture ofM , A, andB are shown in Fig. 1. The analytic
solutions for thermal distributions of reactants and produc
are also shown. The agreement between the Monte Carlo
the analytic results may be seen to be excellent. The equi
rium values attained in the simulations are equal to the ind
pendently calculated equilibrium value.

Similar sets of Monte Carlo calculations for near
equilibrium conditions were used to obtain rate constants
the dissociation and recombination reactions and equilibriu

FIG. 1. Variation of concentration ofAB with time for reaction at 2000 K as
determined by direct Monte Carlo simulation. Squares, starting from m
ture ofM andAB. Circles, starting from mixture ofM , A, andB. The solid
lines are the corresponding analytic solutions. Conditions are listed
Table I.

FIG. 2. Rate constants for dissociation reaction,M1AB→M1A1B, at
several temperatures. Circles, from direct simulation. Solid line, from an
lytic expression.
, No. 7, 15 February 1995t¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp
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2815S. M. Dunn and J. B. Anderson: Simulation of chemical reaction systems
constants at several different temperatures. The rate c
stants are shown in Figs. 2 and 3 along with the correspo
ing analytic values obtained from Eqs.~12! and ~13!. The
agreement between the Monte Carlo results and the ana
results is essentially exact. Similar agreement was obser
for the equilibrium constants.

We also explored reactions under conditions for whi
nonequilibrium distributions occurred and we observed t
expected depletions of reacting species. Our observat
were similar to those we made earlier for simple bimolecu
reactions.1

V. DISCUSSION

As in previous work we found the direct simulatio
Monte Carlo method to be simple, straightforward, easy

FIG. 3. Rate constants for recombination reaction,M1A1B→M1AB, at
several temperatures. Circles, from direct simulation. Solid line, from a
lytic expression.
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program, and easy to execute. Our treatment of dissociation
and recombination was limited to a single state for the mol-
eculeAB, but the inclusion of multiple states is not a par-
ticularly difficult or complex task. The flexibility of the
method is such that can adapted to any real system for which
detailed reaction rate information is available.
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